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TR 1l REPORT TL860,

SECRIT (E_L_]p_t_‘{;_(‘._’_._’[_. SONULATOR (D PROPAGZED CONTROL SYSTEM
TOR LOOT o ‘K)T) P

SUMMARY

Shot is tho code name for an sir-launched rocket. The
weoapon is designed primarily to be lounched from a fighter ceroplane
and %o be cutamaticolly gulded towards sn cnomy cireraft, The type of
oontrol described in this poper is designed i'or u line of sight
trajcctory in which the rocket is controllcd to f£ly down the axis of o
radic beam which is kept pointed at the torget. ' In order to investigate
the atcbility end performence of various types of control system cn
olectrical sirulator was built, the function of the simulator be to
produce voltages proportioncl to the movement of the rocket after the
opplicction of tho controlling rudderas. The ucrodynsmic characteristics
of tho rocket and the woy in which they ocre simulated sre described.

A control system haos been cvolved which gives o satisfoctory
fcrfonnance on the simulator. /4 theoreticcl description of this system
8 given and its performance on the simulator is also described.

INTRODUCTION

Before deacribing the simulator it is necessary to describe the
acrodynamic charecteristics of the rocket which it is required to simuleto,

This is declt with in Scetion 1, for which the information has been
supplicd by I.ii. Scetion 2 describes the simulator designed for these
aérodynuric characteristics.s Scction 3 gives a theoreticel description
of the tjpoe of control gystem which is ot present proposcd for controlling =
the rockcts Suction 4 gives on cccount of the results of the initial |
teats of thiu cuntrol system using the simuleotor described in Scetion 2. -

fppendix I pives o list of the aymbols uscd in deseribing the acrodynamic
charceteristics of the rocket.

1. AFERODYN/MIC CHARICTERISTICS -OF THE ROCKET

It iz proposed thet the rocket will only be controlled after the
propulsion haos ccascd, the duration of the burming heing of the order
of 1 to 1} ecconds., Thus. during the control period the velocity will

be approximately constant and will be of the order of 1500 ft, per
second, In fig. (i) PA is a fixcd dotum line, PB is the linc of sight,
R is the positicn of the rocket, RE is its heading and RF is the

i eaisk

~
%

be ho and from the linc of sight be h, ILut hy = hy = h be the lateral -+ -
distance of the linc of sight £rom the dntwi, ~— Let V be the velocity

of the centre of grovity of the rockets, Then cssuming that &, g end

wore amall angles the following relations opply:-

direction in which tho centre of grovity of the rocket is moving. . ] ""? |
CD is g line through R parallel to the dcotuvm line Ph. Lot Cs A )i {
DRE = § ond ERF = o 4, Let the letercl dictance of R from the dotum

Gafaw I 1
h = ho - hl : 1.2
o . Vain¥ vy, 1.3

at

Now the 1ift on the wings will be mportiongl to the angle of
incidence X, ond honce the lateral acooleration dch, will be proportional

at2
to &, this moy convenicntly be writtcn in the form

d =% ah, Lol
T at?
! where Ky is i conatent with the dimensions of tine.
From le3 ondd 1ol vie hove
d. = Kl %‘%’ 105
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and from lel ond 1.5 g=vaely _g_\fv S

*y

It will be scon thot this cquation defincs the rclotion between
the heading of the rocket and thc path of the CeGe, isce it defines
the omount of ycow. ‘

It is proposed that the wing syatem will be designed so that
during the control period the rocket has ncutral weathercock stability.
The controls will comsist of suell peirs of 'bong=bong' rudders, i.c.
the rudders will be cither hord ove: one vy or hord over the other.
Thus tho cffect of the rudders will be to opply constant torque to the
rocket obout its centre of gravity which will in turn produce o constont
enguler cccelernfion of the rocket hending.  Thus if this accelerntion
is Q rodinns/sccé we have

% = xQ e 07
at2

Differentinting le6 twice nnd substituting in 1.7 we havo

2 - 3
aM! [\1 a =2 Q == 1.8
at? atd

or from 1.3 d3h° + K dl*ho =t QV sEP w== 1.9
a dtz: ;

where P = QU is o constant with dininsicns of ft/sco3.
EFFECT OF WELTHEERCOCK ST/BILITY [MND ROTARY DAMPING o

Suppose the centre of pressurc cf the wings and body is not exnetly
conincident with the centre of gravity of the rockete Then the lift
force will a.'pplﬁoc. torque rsbout the C.Ge. which may ogpose or ossist the
torque duc to the rudders, depcnding on whether the C.P. is bekind or »
in front of the C.G., i.ce whother the weathercock stcbility is positive
or negative, Since from 1.5 the 1lift is proportionel to 4w, equotion
1.7 will now became a5

izghtq-xz_ai SR
at % ,

whore K, is c constant with dimensions of timc)‘l whose volue depends
on the “distence between the C.G. rnd the C.P., being positive if the
CePe is behind the C.G. and negative if it is in front.

The offuot of rotery derping is to opp Fa torque sbout the C.G.
of the rocket proportional to the anguler velocity of the rotation about
the CeGe, i.c¢. proportionesl to %é This terque will opposc the torque
due to the rudders. Thus couaticn 1.7 becomes

24 -+ Q=K
(o} = e AN
—té 5 a8 wes 147D

at

=7

=l*  In the prescnoe

where Kz is & constont with dimensions of (time)
rotory darping end weathercock stobility equation 1.7 becomes

of both

2 A% —mm 170

2 &
%“IQ'}‘SM'—K '
at at T

If we substitute for £ from 1.6 we have

2 3 / '
&% +K OY =Xq-K: (AY + K a2w)- K, W
ld 3 (,d‘u’ = E:Ez} 2

at dt
: 2 ! ; G
(x, + K3) %%*_ + (1 + K1K3) L}t-; + Ky dfw =% Q s LAD

/or from




1 g Mt e = oo

gy o

-3-
or fran L3 (K, + KS) dzho £ (s KX
Y

) & ' EP amm 1.
— 3$+§1%§= P 111

For thc design of the simulator the following values werc assumed
for ccnstonts, these valuos havgng beon calculated by RAE for the
propesed desimn of Long Shot.

Q = 7 radians/acc? V = 1500 £t/sec Ky = 4 second.

These figures arc only tentative ot present, in particuler
cansideration is being given to thc use of rudders giving a lorger
voluo of anguler acceleration Q.

However thoy will be used in this report to give an indication of the
orders of mognitude involved in the design the simulator end control
system.

In order to inveatignte the tolerance allowed on the distance
between the CoP. and CoG., the constent X, has been varled between 0 ond
60 seco =*¢ RAE have calculated thot thc“constant X3 oan be neglected
in corpeorison with Ky and Ko

2. DESIQN OF SIMULATOR

The ose of the simulatar is to reproduce electrically the motion
of the rockot when the rudders are npplicd. That is to produce o
voltage proportional to ho, whose derivctives obey equation l.9 in the
simplest case, or cquation lell in the morc complicated case. The
output can then be applied through the proposcd control system to anctuate
o relay representing the rudders. .

i block achematic of the simulator ond the woy it is used to test
a control :{stcm is shown in fig,(il). The relay actuated by the control
systen e8 o single changewover contocts The fixed contocts arxe
tekon to sto volteges + V ond «V so that thc moving oontoct is
connocted to +V when the relay is onergised cnd =V when it is not
energised. This voltage ropresents the torque opplied by the rudders
i.es V = o,Q where ap ia o constent.

Let us assume first the simple casc with neutral weathorcock
stobility and negligitle rotory demping. Then from 1.7 we have

.g-zé s X Q
at?
2
ond hence Vg = o, ——— 241
P
Now if we apply V, to the input of an integrator, thon the output voltage :
. V1 will bo given by Vi = oy 44 — 2.2
at

This voltoge V) is then put through o cirouit resonting the
inoidence log which produces aon output voltage given by

e Q2 v,

where the timo constont Xj is made equal to that defined by equation 1.6.
Thus Vo + X3 dVp = 0y34 '

—_— 2
3t at -

Differentioting equation 1.6 we have

. 2
aw + 1\1 a~w =
o o



ond comparing this with equation 2.5 -

V, = a1 4w - 2.4 R
2 T )
or since W =1 dho
- T
Vo =2 2 é
2 1 dho
V a2
or Vp 385 g, 2,5
dtz
whero o, = _ﬁ_-,
v

The voltage Vo is’ then opplied to n sccond integrator whoso ot
voltage V3 is therefore given by

- Vs =03 dho —- 26 |
> dat J
4 third integrator is thon uscd to integrate V3 to produce

v, = o, ho o 2,7
which represcnta the position of tl.: rocket from o datum.

4 voltago V5 is then conneected in n.rics with Vj to represcnt the
position of“the linc of sight from the datum, i.e.

Vg = "‘l;hl
So that the final output V6 = Vk‘ - V5
Vg = o, (ho = hy)
V6 = D‘li-h 2'8

T TR NI e T AT A

Thus Vg ropresents the error from the linc of sight,

The voltoge Vg can be varied in any desired manner to represent movement
of the line o? sight and the response of the control system in reducing
the error Vg con be studicd.

; The time and voltoge scoles of the sirwmloator can of course be
X, adjusted as required by using suitcble volues for the dimensional
3 constonts agy 0y, fp, cte. Simulators for Long Shot have been
1 constructed With boBh 20 to 1 rnd 1 to 1 timo scales, The former hes
the advantage that it is ecsier to obscrve and recoid the results, since .
& normal recording voltmeters with tire constonts of the order of o quarter
: of o second moy used. The lottor is necessary in order to test the
finnl control circuits ond investijote the effects of lags in reloys ste.
~/hich connot easily be scaled down. An oscillo h hap been used for
recording the results of the 1/1 siimlators To illustrate the method E
of designing the simulator thc circuit of the 1/1 time scalc version will
be desoribed. The firet version «f this simulator used volve integrators
thmu%hmt, the esscntial details of the circuit belng shown in fig,
o (4331) a&. For simplicity the screcn and grid bias supplics of the
valves have been amittod.

The integxators Yy, X; and Y, usc the normal Miller circuit,
Provided that the gaim of the vallfc is lerge and that the input voltage
is lorge compared with the cxcursions of the grid then we can eosily
"show that the enode voltage will be the integrnl of the input voltage.

L R AT

\ Thus for ¥Y;, assuming the cbove conditions we have
4 3 _Y_O_ + Cl _(_I_E =0
Ry 1t

/where -



=5
where Vo is the ¢node voltoge .

T orVa a =l fv dt
. : Fooy: o o
, . 171

For convenience in' obtaining the required D.C, levgl at tho :%rid
. , of the next valve the output is taken from the centre o potentiometer
- connected between thc anode of the valve and the =150 volt line. f

this output voltage is V3 it is clear that AV = & aVa ond hence.
a o a

Vv

-+ 2 avy

Ry cl_l =0
it

Vy ==l v. dat
1 ——
¥ 20131 °

The reley contgets are token to + 60 volts and since Vg = X 2.9
where Q = 7 rad/scc®, therefore

a, = £0 volts

rnd/sec
2
Now vy ="L...f%dl55incc Vo = a_ 424
201R1 ﬂtz ° at2
Honce V, = = 1 60 34 =
: 1 2 = — 249
; . 201R1 A 1 %

It is assumed that the systom is ot rest at the start of an
experiment so that the constants of integration will be zero. The
. incidence lag is represented sirmply by thc rcsistonce Ry and condenser
Coe  Thus if Vo is the voltage at the grii of ¥, we have

1-Y% ac, av,

Ry at
Vi =V, + CR, av,
at

Thus in order to simulete on incidence lag of X sce. it is necessary to

h
moke CoRy = sece Then if V; = o) %%, V, =0y %bj'_ or Vy = :-.2<12ho where

at2
o] =0V

Now the first valve will operate correctly over a rong¢ of
anode . voltage from about 30 to 270 volts, which corresponds to o range
of X 60 volts of Vj, Thus the constont o,y rust be such that V3 never

eiceeds 60 volts, = We shall sce Lator tha® a mpxirmm value attzined by
. d%h, is about 10g i.e., 320 ft/sec?, but that df may mamentarily attain
T at

valucs of throe to four times the moximw. value of Gw . Thus o suiteble
scale for V, is to moke 10 volts ropresent 10g, so df  thet the maximum

' value attoined by Vq will be 30 to 40 volis, which is well within the
capoabilitics of the first volve. :

B o

T 5
g ik

Thus we make ap = 10 volts 5 = «0313 volts
m ft/sce sSec /and




=6

and hencc = 1500 volts a 6,8 volts
% 32 Ra.d_/aec Rad/scc.

We can now colculate from 2,9 the constont °1R1 for the first
integrator
: since 05 = ~ __60
LRy
the negative sign in oquation 2,9 merely incicetes the normel 'mvemizitf'
effect of o _valve and meons that the sign conventions for V, and Vj wi
be reversed. %
Thus OjRy = 60 x 3»
U, 1500
clRl = .09"_ sccands

Thus suitoblo volucs arc Ry = 510,000 ohms Gy = Ou1puf.

Tho valve Y, 1s simply a cathode follower to prevent the later stoges
looding the“condenser Co.

The equation for V., will be

3
Vo av.
i .2
3 ‘
thus Vz = 1 V. at
¥ 2
203R
. ?3 4
and since V2 = &, @°h,
ate
V3 = 8.2 i .d& ]
203R3 at
i F
at

Again Vi must nover excced £ GO volts ond since we shall bo de
whth velocitics up to 300 to 400 ft/scc., it will be sefe to make 300 £t/scc
correspond to 30 volts, i.c. ::.3 =1 volts

10 Tt/scc.

Thus since as = o,

2C5Rs
o 03R3 = E,'g—
2&3
=10 x 10 g
3 7T

03R3 = o156 cceonds ¢

Suitable values for C; and R, are 0.1 /uf end 1.56 Mog. ohms.
= 4
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. Por this reason the lost integr

for ¥, wo have
4

2,
at
v, = 1 Vot
- 2o )
)R
and sinoe V} = a3 .(l_hg
dat
Vh_ a 03 ho

08,

It is oxpected that the output of the radio recciver in the rooket
will be at a level of about L volt/€t., and honoo it is comvenient to mako
15 , .

e

%m0 =1 volt/ft.
BE
by this GR = 05 x 15
2

=13
20
CAR“' = 0,75 soconds

Conveniont values arc OL = 0,15mf R, = 5 megohns.

The voltoge V) is tokon to the centro top of o floating 30 volts
battory and the oufput Vg is taken from the slider of the potontiometer
3 connocted across the battory,- The volt betwoen the centre top

the battery and the slider of ropresonts hy, the position of the
line of ‘sight fran the datum and nceggunu ( -% = g, h whero h
is the orror from the line of sight. s whon the ot the
input of the simulator is opened or closed, V. will vary oxactly the
samo woy as the latercl arror of the mcl:e% fﬁom the line of sipght will
vary whon the rudder is operated,

For the purposc of teating certcin perts of the radio receiver for
the rocket it is necessary to have the output voltoege representing hp in
the form of & sine wave of variable amplitude or possibly os a sinuscidal
modulation of the cmplitude of pulsos ond for theso purposes it is more
convenient to have the output a.p{g:rlng 28 the rotation of a potentiometer.

e in the simulator described above was
later replacced by o velodyne eleotro-mechanio?l ntogrators The ecasentinl
dotoils of this integrator are showm in fig. (iv).

The vel consists of a split field motor coupled to o amall D.C,

nerator, The motor ammsturc is constontly exclited and the motor field
s supplied from o hipgh gain D.C. aplificr. The generator field is
constantly omoited so that the gonerotor cmature produces a voltnsc V-
groportimc.l to the spoed of rotation of the motor, The voltage % i‘va
he second intzﬁzntor Yy in the simnlotor doscrdbed cbove is connected
through 1 to input®of the D.0. amplifier. The generator voltage V
is alsc oonnected to the input of the amplifier through the resistoncc R2.
Now it is cleoar thot sny depoartures of the :Lnggt of the amplifier fram
zoro will comse a large torﬁe to be gpplicd the motor and the motor
will nccalercte ddly until the spced has risen to such o value that
the ocurrent through Ry duc to V9 is exretly equnl and opposite to that
through Ry due to V3 and the motor will thon continue to run et that specd.
Thue we see that the speed of the motor will be proportionsl to the voltoge
V3 and hence thc angulor position of thoe output shoft will be proportd
to the integral of Vi« To caloulatc tho constant of proporti ty we
con ossumo that the ut of the amplifier must remnin at zoro voltoge
within very amall lirdts and hence

z

L R s ey NIRRT L e e




yj s Xz
R .
1 Ry

Now V7 = a7 %%J; whero €] is the anguler position of tho output

shaft is rodians. Now with the velodyne uscd in this cose the constont

&7 ia O, 267 volts

sec
;’é = 2261 591
2 ?l-t—

01 = Ry /det

<267R]

The motor is coupled thrvugh ¢ 100/1 gear ratio to o potenticmeter,
so that if 02 is the angulor position of the potentiometer.

e = 100 92
f
Hence @, s Rp / det
23.7R1
Now we have zu"rangul that V.} = a3 dho

at
whore a3 = 1l _volts
10 ft/sco
Henee €3 = R, ho
The potentiomctor had a travel of cbout. 300° and it was decided to
nanke this represent 900 £t., hence if -
’ @ = ogh,

ag =2 300 x_1_ Rad/ft.
57.3 900

og = _1 Red/et.
171.9

B TR T

Thus ., Rz . =08g= k]
267}{1' 171.9

-'o R2 = 1. 55

Suitoble values nve Ry = 2 mogolms Ry = 3.1 mogohms.

K If a D.C. voltage is rcquired {rom the slider of the potontiometer nt
the same level of 5 volt/ft. as civen by the valve integrator,

since the full travel of the potentiometer roprosents 900 £t., o 60 volt
batt comnceted ncross the potentionmcter will give the required output
from the slider. . .

The method of putting weathercoecl: stnbility ond rotary darping into
the simulator will now be deseribel. We hove scen that the phzsical

effect of these forces is to nyply torques to the rocket about its centre
of grovity which cppose that due to the rudders, Thus in the sirwlator

/they




=Gu

they 1ust toko tho form of voltnges fod back into the input of tho first
integrctor which opposc the voltage from the reloy contacts. Fige g&i)
(b) shows the first part of the sinulntor described sbove modified
include weathercock stability ond rotoxy darping.

It will be seen that the modificnticn consists simply of the
oddition of the two resistonces R3 and Ry. | The reosistance R3 fceds beack
o. ourrent proportional to V] and ¢ to Qé cnd thus represents rotery

at

dempin .
S:Lm?ior&ly R, focds back a current proportioncl to %‘é’_ and thus reprcscnts

PO

wepthercock stobility. If we now write dovm the condition that the grid

of the first valvo remcing ot constont potunticl we obtain 1
Vo av i

+26,1 +V !

h:5% % R—l + V2 ao —~= 2,10 i

o« 3 , !

Now if wo assume cs in equation 2,9 that V) = oy 34
at
and VZ = a) _ﬁ._Y_
at

Eguotion 2,10 becomes

* 80 - oy 3% = -2) 3 =
o 2“11.3:5 %gé 1a~v o

or 2% e o0 -1 - 1 4y
at2 22901 2Ry At R, dt

Now in equetion 2.9 we defined ¢y = a9

iR
Henee _d_zg s+Q-_1_ g -_1_ 2
dat Ry at LR, dt
Corparing this with equation l.7¢ we scc thot the two cre identionl if
K3 =2 1
201R3
and K2 a 1
201RI+
Thus we con simulcote required amount of positive weathorcock

atobility or rotery damping by using suitoble volues for B, and Rz. Ir
it is dosired to simulate negotive wecthercock stability the voltoge Va
m.;-:at be fed back through a volve with unit goin in order to reverse its
sign. .
3+« PROPOSED CONTROL SYSTEM

The control system for Long Shot st satiasfy the following
requirements = .

(2) e loternl occcloration must not excced 8g, this limit being
fixed by thc strength of the wingse. )

(b) The rocket must return to the line of sight fram initial errors
up to 150 ft. in os short o timc as possible without largze overshoot.

/(e)

B S T T T 3 T N o N it R ST LT
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(cz If the systom has o constont lng vhen the lino of sight is
emoving then this leg rust be small capcred with the oxpected lcthal
renge of the rocket, which-is about 40 ft.

It is proposed that the information for controlling the rocket will
cone from two sources. (a) The rodio gyston: will provide o ncosure
of h, the loteral misclioment from the line of sight.

This infemstion vill be suffieiently rool to be dirferentiated once.
(b) 4 lincor sccelerameter situcted ncer the euntre of grovity of the
rocket will provide o measure of 925, the latcrel ceceleraticn of the

rocket. v
A block schematic of the proposed system is shovn in i, (v)e

The voltago Vg is that obtained from the rodio reeciver waud is
cssumed to be proportioncl to the crror from the line of sight.

a'e v6 = C,l"h 3.1

where &, is o constant.
The voltaze Vp is obtained from the ccoelerameter.,
2
V2 = 83 g"ho bt
ate
where LD iz & constont,

Let us assune first that By, is small conprred with Ry, then the
voltope ot A, the input of the first mmplificr is given by

vy =K (Vg + G avg )

(7 ® )
Vy = .114 (Vg + 01}y E\_f_.g_)
"Ry ( at )

~
<

, (1 + G Rah
Sder 2

or from 3.1 v, = E.t
:Rl

This voltage is then grplified linecrly cnd limitel so that the

voltege at B, the output of the limitor, vill be given by~

Vg = R, (h+clnl%;whcn‘vE,évL 3030
R
OI'VBl:-i-vamnvE} VL 3 - - ' B-Jb

Vg = =V whon Vg £ = Vp,
where is'thc voltoge gedin of the arplifier, Vy the limiting voltage
and V.Gjt'hc voltese ot the output of the mplii"ic;‘{

e it we ossune that the input Lipedonce Rg of the reley wplifier
is smll compcored with Ry end R3, the condition that the point D sholl

bo at zcro voltape is

R at Ry
or Ry vy 4+ Vo 4+ 02R2 vy = o .« el

at




i
b

R+ L NP

FER PR g s

Whon this condition is’ satisfied the rclay will be on_the point
of reversing and o very small chonge in the voltoge at D will cousc it
to opur. or closu.

Substimti;\ﬁefm cquations 3.3 and 3.2 in 3.4 wo obicin for the
condition that voltcge ot D should be zoro.

“261 Aﬁ- (h+01111(]h;+a.2(dzho +02R2d3hog=o 3e52
;{

3 % a
when |v 1€ v
3
_sz +“(‘12"‘0 *cznzah°)=owhmiv3!;,vL 345b
3
For convenienco we dofine the following constonts:-
B = ch'lRu‘!
Rsbi%e
2d = OjRy F
¥ = CoR,
hc 2 1 VL
P3A2
Equations 3.5 then beoane
(Ph+24an) + (@%ho +y &ng - .6
' m; at ¥ m—; ° Seon

vhen lPh+ 24 Q" P he
at

+ + + 5 '
_Phc E%z!hg K§$°-3=owlwn !Ph"'z“ Q')ﬂhc 306b

The quantity hc be oalled the oritical crror since o stcady crror
of this mpognitude is ;just sufficient to cousc the voltoge ot B to reach
the lovel ot vhich the limd ter canes into operation.

The operntion of the systen oen best be u.ndorstO?d by cmiacrinc
it in two scparnte stops. In equetions 3.6 ._?d b) wo cap aonsider
the first terms with their sizns changed namcly fh+ 2*dh or 5 Bh,

os functions of the crro wh:n. h_demend o cortein t.coelor...tlon n ordcr to
satisfy equations 346 (a b)e e shrll consider first the woy in
which the systum rosponds to a sudrlcn change of nccoleration dernnd. It
must be reclised that cquations 3.6 () cnd (b) cxe morely conlitions for
reversal of the rcloy ond cre nok satisfied ot oll times., It is clear
from cquation 1,9 that neither 3<ho nor d”hg can change instentencously
at2 dp
and honce if the nccclerz\tlon demand is ch,..ngcd instentancously thon a
finite time must clopso before egimtlm 346 can ognin be satisficd, If
we exaring cquotion 3.6b it is cloar thet if _the cquotion romping
satisficd for o time lerge eampered with j . d3}313 will became negligible
d
and we shall hove

2
;I'_ ic =z~ d ho
>
as /Thos

QRERELL = (4 PNV TIRRRTELE S SEIS RO TS
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Thue it 1s clear that if tho maximum o.ccelcro.tion‘a.llcwed by the
strenzth of the wings is X Gg, then we rust arronge that

. ic = Go w—— 3,7
lIovever wo rust also arrange that dzho does not excced Go during
at”

the perivis folloving a change of acceluration demand when couations
3.6 are not satisficd.

Now in the case of neutral weathercock stability and neglipgible
rotary dwming equation 1,9 must always be satlsfied,

3 $ }
A dhy 2P - 3.8,
nernc)
ato dt
In order to got & clear picturc of thoe cl cs of acceleration of
the rocket under this type '"bAng-bans' control it is convenient to
consider tho acceleration dchg and the rut: of change of acccleration
550
at=

djho as our two vorisbles., The stute W the rocket ot any given timo

QE campletely defined by these two voul:nlcu. we shadl firat earvert
ef.lation 3.8 into an equetion in tervs o thiese fvo voilicblea :nd then
plot its solutions, which will give : peoctiric-l pietuic «f fhe
procosses involved.

Lot us introduce two non-dimensioncl verdicbles dcfined by

B md A% — 349
Kl 32

yoiuw 1 o bl 300
P 3w

substitulin: for y in 3.8 we obtain

y + 1{1 & =xX1 e 5-11
dat
or Y+K dr dx =2kl —— 5,12
dx dt
Now frou 5.9 fo b PPt e | 63
® "oy o
a
& = 1 ¥
dt Xy

Thus 3.12 becomes y + ¥ O
dx

i

*3 — 3415

This oquation represcnts two fordlics of curves 3 %he x 30 plano,
onc famlly reproscenting all possible trvjecterics Lhen 4o rudder is
hard over in tho 'positive' dircetion cnd %he other 1l noszille
trojeetories with the rocket hard over-fiv .0 1. ative Sircedlcin.

g Equation 3413 can be integratcd on sight, the soluticns o iho
positivo and negative signs being

X ==y =2log, (L~y) +C == 3.l

X=wy+log, (1 +y)+ Co USSR W 1Y

The constents Gy ond O, arc, of coursc, dafincd by & o
xat y = o, In fig?’ (vi) %h p Lﬁ,aotmo Mo vadus ot

¢ cquations 3, nd 34140 axc plotied for
various velues of the arbitary constonts 0 end Cp.  We scc :'E‘ranW

/oquation
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cquation 3,11 thct with positive rudder y incruascs with time ond with
negetive rudder y decrccses with time.  Honee we see that the moverment
of the rockct in the xy plane is roprescnted by & point whiech noves
along the sppropriate cuxrve in o cloglkwisc dircetion.

How supj{:osc that o constent cecclerction dumend has been made
s0 that from 3.5 the condiiion for reversel of the rudders is

-G +a%, + Y adh, =0 = 3,15
ate d

Substituting from 3,9 end 3410 we obtoin
PRy x +P¥y = G

or x+ N y a_G w3416
Ky PKq

Thus_the roversed condition is ropruscnted by a streight line in
the x y plone with slope = Ky  vhich intersccts the x=axis at

1 1
the point x = G, this lince will be celled the reversal line. Now it
PRy

is clear that if the: point rcpresenting the rocket lies to the left of
the reversal line it will move on onc of curves of the femily roprescnted
by 3slha until it reaches the rvverssl line, the rudder vill then xeverse
and tho reprosentative point will stert to move on the curve of the
sccond family which passes through the point of interscetion of the first
curve with the reversal line. The trojectory in the (x,y-)l plane after
the first reversal Gepunds upon the slepe of the reversel linc and the
slope of the nev rcpresentative eurve, In fig. (vii) four cascs have
been drovn for a sudden chonge of accclerctiion demond fram x = = (097
to x = +.097 (this volue has becn chosch eceousce it ropresents a g?zma
from =8g to + 8g vhen the constonts of the rocket ere P = 10500 £ scc3
end K = & scc. The reversal line will be defincd from 3,16 by
X+ % ¥ya +.097 : - 5,17
5

and the trojectories heve been dravm for Tour different volues of %'_.
1
The four lines are BC, BD, DE and BF, having slopes = K3 of = 3.0, =45,

=5¢J uind =10} respectivily. The represcntative point will stort fram
the peint A z-. 097, 0) in cach case, and will commencc to traovel
clockidsc along the curve ACDEF, If the reverszl condition is
represented by BC then at the paint C tho rudder reverses and the point
-would stert to move ol Cl, Howcver the glope of CK ot C is greater
thon the slope of the BC ond hence the point sterts to move to the
left of the reverscl linc, which means that the rudder will be reversed
ogein cnd the process will be repeateds hus the ruddor will oscillate
ot a theorctioolly infinite speed to kuep the repruscntutive point on
the line OB until it reaches the point B, In proctice the speed of
oscilletion will be set by the responsc tiue z:.n:i 'backlash' of the rcluy
end rudder systow, this will be Zisoussed later.  Thus eftcr the point

C the ocquation
x4+ ¥ =_G_
Kix Ky

will always be satisfied an? sinece fron the definitions of x and N

the voriction of x with time along CB is defined by

x+¥ 8 = _G_
i PK3

Jwhosc
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whose solution is x = AGRrTr Cl" -t -—— 5,18
. P}{]_ ¥ .

-
C1 is an arbitery constent whosc velue will be fixed by the .
initirl conlitions ot the point C. Thus wo suve that x approaches its 3

final velue cxponcntiolly with o time oconstont .

Now lct us _consider the seccond roversal condition represcnted by
BED in rig. (vii). liere the slope of the now curve at D 1s snaller thon
that of BD and hence the represcntative Roint noves over o finite length
of curve before interscoting the reverssl line agein at H, t H
oscillations commence os before snd the point rmoves dovm the linc HB.

The third reversal linc represcnis the special casc when the. new
curvo actunlly intersects the reversal line agein at the point B. The
rudder will then oscillate repidly to keep tho point at B.

The fourth casc is represcnted by BF. By the same argunents as
for the othor ceses we sce that the renresentative point moves over the-
path AFIJB. It will be cbserved that the latier part of this path lics
to the right of the point B, thut is the accclerciion 'overshoots!' to a

lergor volue than the fix onc¢ beforce caiing to rost.

In fig, (viii) these four ceses hove been plotteﬂ i g,v:_h:- of x
ageinst /E « It will bo scen that as the voluc of 17?{' neressces the
¢ taken for the accelerntion to rcoch i1ts new volue deeorcnscs, o8 wWe
should oxpect. Howovoer if K1/¥ cxcceds 5.9 the c.ccelumtiok ovcrshoots
its final value beforo coming to rest. Thus ihis valuc of »1/ygives us
the fastest chenge from x s =097 to x = 097 withcut overshoute The
ectuel time for this casc is scon to bo 0.9K3, ond if Ky = 0.25 soc.
this time is 0,225 scc.
1 the

Thus we scc that if we moke Y =Ky ond moke Bhe = 3z the
5.9

system will obey the first requirement that the latoral accelernition
will never excecd 8ge X

We can glso sce that for smcll chonges in cecelorstion demand the
representative point will rapidl%' reach the reversel line and oscillato
along it to the new position, hus the rccelexrntion will reach its new
vgluc exponentially with a tine constent Y, where ¥ is of the ordor of

1/20th sce.

Wo cen now consider tho operction of the control system as o wholoe
Wo shall first assumo that the time constant of the system is lorce i
caparcd with ¥ so_that we can assume thot the motjon is represcuted
by equctions 3.6 (a) and 346 (b) ond thot tho Y he torms orn be

neglected. TS
Thus we have
pro+ 24 a%h, = o0 - 3,18 (a)
dtz
when | Ph + 2 _ll_l_lg Eh,
0t
£pho + 8%y = o - 3.18 (D)
at? e
when

h+ 2> dh h
puv2x ) i,

We shcll now consider the responsc of the system to an initizl orroré. .

The initicl conditions cre therefore given by t = 0o, hi = 0y h = h, = &
%, = dh = dhyg = 0, We shall assune that the lino’ofisi[_.')l;: is ntlgtiom,;zy
“K

so that hj = o at all times. Thus h = hp ot all times. TFro tids
equation 3.18 beconcs

/fh+2
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h+2 X adh+3%h =0 3,19 (a)
. Pre2o i
hon| B h + 2 ot ah
. W v‘P .+ u'&'ﬁ" fhe
. a%h o w— 3419 (b
;phum o 3019 (b)

whe‘n‘Ph+2d%_Eh'>ic

To zot ¢ clear picturc of the pivcess looeribed by cquetions 3.19 vie
shell use o simdlor method to thet ~lren’y lcscribed. he state of the
rockct eon be corpletoly dofined of o ~iyen ne ent by the gquentitles h
end % and we shedl plot the pedr zh, % o o peint in the planc of the

L
variebles h, %‘Eh’ which moy be ocrlled the phosce sloue. The path of this

point givus us a guametrical picturc of thu process deseribed by
cquations 3.19.

Let x=h e 3,20 (2)
v = dh = 3,20 (b)
it

¥irst we observe that the divisions between the regions in which
3,19 (o) =ply end thosc in which 3.19 (b) spply ero given by
Bx+2dyaZpn,

v oxr IO_?_!_y =X hn - 3021
B

This represents two gcrullcl stroisht lincs as showm in fig. (ix).
The region betwecn thesce lines, in which cquation 3.19 (22‘ epplics may
be tored the unscturnted region and the rugion outside these lines in
which 3,19 (b) opplies may be termed the scburated rogion.

Lot us asswie that the initizl corror is loarger than he so that the

point ot first moves in the scturcte! »ordon, the movemaent of the
rocket is tien defined bysw-

from 3.20 3%h = dr = gy dAx
2 Tt I &

=y%

S pho +y%‘£x =0 —— 5022

The solution is clearly y2 = +Phex + A which represcnts tvo
familics of parcbholos. 4As before, thé rupresentotive point will cove
in o clockwise diruction alang the ~pprouriate perchola. It is clear
that if the initizl crror is positive ond cqual to € thon the point
will move on the parabola

yY2=-phe (x-¢)

Tho point will continue to move on this prrcbola wntil it interscets
the linc x + 2% y = + h,,

3 Aiior this the motion will be defined by 3,19 (a)

ph+ 24 dh + 2%h = o
T G2
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Lot us supposc thet the 1otion representoed by this cquotion is -not
over dmped, the nccesscry condition for thia is thot !

A2 ¢ P ~ o |
In this caso the solution will be of the form
h = Ay -kt cos(w,t + S)
wherc wy = Jﬁ - &2 ond A and § nre wbitay conatonta.
Thus since x = h = Ag sk coa(Wyt + § ) t3.23 (2)

3 yadha - & ap =%t cos(uyt + § ) = Wyhs
sin(wlt +%) 3.23 (b)

Tho motion in the (x,y) plenc reproscnted by 3e23 (a) and (b) is e

spiral which winds round the origin, the rcprosentotivo roint moving in
o clockwisc direction. 3

Now it is cluar thot two cnsea orc possible, (c) the spircl vy lio
corpletely within tho unacturated region or (b) it mr{ interscet the
second boundery line and the representotive point will then cnter the
snturated region againe In the scecond caso the point will move olong
the spproprinte parcbole until it agein enters the unscturnted region
and consronces o sccond spiral sectione Thus in general the camplote
trojeotory in the (x,y) plene will consist of o number of sccticns of
porcboles and spirnls matochod together ot the boundory lineas It is
clecr that the question of whother the treojectory ovérshoots into the
scturcted region dependa princi]iﬁlly L&)Oﬂ he size of the initial orror
ocnd the slope of the boundory lino =26,

There will be less tendency to overshoot if 2% ia lerge, In view of

the uﬁm:dmations which hove been mnde in obtoining equations 3.18 (),

o dotedled snclysis of the conditions for overshoot crce scorcoly
ustified. However o nwerical exarple hes boen plottod in fig, (x),
king velues which have been found sotisfretory in the simmlator.

Tho acturl volues ro = 23 = Ouky P = 16, Vith ¢ nmoximum aocclerntion

of 256 ft/secl (B8g) we rust mcke = 16 f't. so thot phg = 256 £t/sec?.
It will be scen thot for on initial crror of 150! the represcntative
point remeins in the saturnted region ot -1 times subsequent to its
niticl entry, though it is clenr thet o slipghtly lorger imitial orror
would result :f.n on ovorshoote In cctunl fact there is o amell overshoot
evon for an error of 150' becausc of the dolay in obtaining tho required
cccclerations ot the beginning of the trnjectory snd at the first cntry
into the unucturated region. This is showm by fige (xi) which shows
two grephs of eryor ag t timc. Groph 4 is drown from the theorcticnl
curve fig. (x) cnd greph B is on cotunl experimental curvo obicined
from the simmlator with the same valuos of  and B .

Thus it seema fray these considerntions that the control systoen
setisfics requirerent (b), since tho rocket returmg to the linc of sight
from on inltial error of 150 f't. in the order of 1) secands sdthout large
overshoot, It is clear from fig, (ix) that the rocicct will rocturn from
_smaller initisl orxrora in o shorter time with o smrller ovorshoot.

. We must now inveatigate th: 'r‘_;spoxmo Jthe systen to o continuously
moving line of sight. IFrom oguntion 346 (a2) we hove the roversal

condition:= '
h+ 2 dh + 02h° ¢ Y d3h° =0
P E- at2 aes .

and wo havo shovm that efter a poriod of time lexgo cormarcd with Y the
rudder will oscillate to kocp this condition satiafiod,

Now since h = -~ hy is the position of the line of sight, this
oquation nay be written
/ f(ho
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(ho'hi)"'z‘*(ﬂh - dhy ) +r12h° +xr13ho =0
s b A, i kv

or  Pho+2% dhg +ahg + Y Pho = Phy + 2L 5.2k
a0t ay 19k

?

The problem is thercfore to £ind the finel steady statce rceched b
when hy is o particular function of time. This steady state will bo
ven by the particuler integrol of 3.24. The particular integrel when
hy is corstont is simply hg = hy, o rosult which has been tacitly
cssumed in the discussion of the responsc to initial errors. - The next
simplest ccsc is hi = A + Bt, that is hj hos o constont velocity. It
con cosily bo shovm that the particulor intepgrnl of 3424 is then hg =
A + Bt, thus there is no 1c.%2i‘or o constant vclocity imput. However if
we now put hi = A + Bt + _g we £ind that the portigular intezrnl is
ho= A = C + Bt + .(23 t2, Thus the rocket lags bechind the linc of sight

3 :
by en aacunt C, where C is the laterrl ccccleration of the linc of

sighte It is quitc clenr physically why this occurs.e Wo hove slrecdy
stated that o steady crror of mognitudc h demerls on cecelerntion of gh,
thus if the rocket must cccelerste ot C £t/acc” it con only do so by
meintoining o constant orror of megnitude G/ « It is clso clear thot
when C recches the limiting veluc of 8z the above considerations will

no longer cpply ond the rocket will groiua fall furthcr and further
belind the linc of sight. We sce thet if = 16, as proposcd, the lap
in the limit when C = 8g is equcl to 16 £t. It con be shown that this
cecelorntion is not exceeded for ronsonchle toargot iaanoccuvres.  Thus

we sec thet the system clso satisfiecs recouirorent (W:

Results obtained with simulator ond Proroscd Control Systan

The simulator hos been used ncinly o determine the most suitablo
velues for the verious constunts.e Tip., (xdi) showa the responsc to
initicl orrors of 50 ft., 100 't. and I50 0t, with 2 = 0.4, end B = 16.

Fig. (xiii) shows the rcsponsc to initinl crrors of 150 £'t. vith
varying cmounts of positive wenthercock st-bility, From courtivn 1411
we see that when K3 can be neglected, the final ateady necclenr tica
roached by the rocket when the ruS.-der is held over pne vey ds dvean by
P/Kp. Thus if P = 10500 ft./scc’? and Kp = 33 sce™l the idn-?
acceloration is limited to 320 £t/sccd or2105. It wes found it wdth
volues of Ko of less thon 35 soo*t there wos no messurcble diffcronce
in the pexrformance of the systen coupared with its perforicnee with Xp = 0.

As Ko is incroascd furthor the ceocolerttion which the rocket cin
attain becones limited below 10 ond conscquently the responsce of the
whole systcm beoomes slowsr ocnd tands to overshoot rather morce This
is shown by the graphs i':n fig, (xdii). - We thus conclude tha* vnlucs
of K, from o to L0 Bec™ acn bo tolernted and the systen does not become
unst&blo for even larger volues to Koo

Numberod Prges 16

Dicgrams:= RIR 82/748
RIR 86/749
TR 8 6/750 Juthor: J. Rutherslon.
= i
! Aoproved: Re Cockburn. °
RIR B6/759
RIR B6/ 751
RIR 86/760
RIR 755
MR 86/757
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APPENDIX I List of Syribols uscd in deacribing the cerodynaric

characteriatics of Long Shot,

DESCRLIIC DIMENSICNS

fngle botween toncent to flight poath rnd fixed Radions
detu: line

Angle bvetween healing and fixod dntw. line Redions
Anple of incidence or yaw, equal to (f =Y) Reddions
Letcrel distonce of rocket from rixud dotum Feet
gggemz;z‘l distence of line of sicht from fixed Feect

Lotercl distonee of rocket from line of sight, Feot
cquel to ho -~ hy

Forward velocity of rocket Faot/soc.

Constont of proportionclity betucen angle of Tine
incidence and rate of tum of flight path

Initirl anpulor occelerntion of heading Radicns/sco?
produccd when full rudder is opplied

Fincl rote of change of lrteral recclerction Fc:ct/suoj
produced when full rudler is gpplied vwith
ncutrel weathercock stebility, equal to Qu

Weethoreock stebility constant defincd os Sec™1
reCuction of onguler acecleration of heading
nor nnit rate of turmn of flisht ooth

Totoxry &mping const:nt cxpressed as reduction Scc~t
of anguler acceleration of heading per unit
rato of turmm of hoeeding
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ABSTRACT: ) : ¥
The rocket Longshot is launched from a flghter, is automatically guided toward
an enemy aircraft and empioys a control system designed for a line of sight
trajectory in which it files on a radio beam kept pointed at the target. To investi-
gate the stability and performance of various control systems, an electrical simulator
was constructed which produces voltages proportlonal to the movement of the rocket
after the appiication of the controiling rudders. The aercdynamic characteristics of
the rocket and the way in which they are simulated are described A diagram shows
. a proposed control system which gave satisfactory perfor on the sl
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ABSTRACT: ’ e
The rocket Longshot is launched from a fighter, {s automatically guided toward
an enemy aireraft and employs a control system designed for a line of sight
trajectory in which It flies 00 a radlo beam kept pointed at the targel, To investl-
gate the stability and performance of varlous cootrol systems, an electrical stmutator
was constructed which produces voltages proportional to the movemeot of the rocket
after the applicatloo of the controliing rudders. The aercdynamic charocteristics of
the rocket and the way in which they are simulated are describad. A diagram shous
a proposed conirol system which gave satisfactory performance oa the simulntor.
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